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Abstract. The aim of this paper is to present a very simple original, purely 
formal, proof of Quillen's adjunction theorem for derived functors [8], and of 
some more recent variations and generalizations of this theorem [3] , [9] . This 
is obtained by proving an abstract adjunction theorem for "absolute" derived 
functors. In contrast with all known proofs, the explicit construction of the 
derived functors is not used. 



We recall that for every category C and every class of arrows W in C, there exist 
a category W~ 1 C, called localization of C by W, and a functor P : C W~ 1 C, 
the localization functor, that carries arrows in W into isomorphisms in W~ l C, and 
universal for this property: for every category D and every functor F : C T> 
such that F(W) is contained in the class of isomorphisms in T>, there is a unique 
functor F : W~ X C -s- V such that F = FP. 




The category W~ 1 C is obtained from C by formally inverting the arrows in W; it 
has the same objects as C and the morphisms are equivalence classes of "composable 
zigzags" of morphisms in C, the arrows going in the "wrong direction" belonging 
to W (see j3]). The category W~ 1 C is not necessarily locally small i.e. the class of 
arrows from an object to another is not in general a set. This set theoretic problem 
can be ignored using Grothendieck's notion of universe pQ. In this paper, in order 
to simplify, we introduce the following definition. 

Definition. A localizer is a pair (C,W), where C is a category and W a class of 
arrows in C such that the localized category W~ 1 C is locally small. 

Examples. If C is a small category, then for every set W of arrows in C, the pair 
(C, W) is a localizer. If C is a Quillcn model category and W the class of weak 
equivalences in C, then (C, W) is a localizer [5J Ch. I, 1.13, Th. 1']. 

Let (C, W) be a localizer, P : C — >■ W^C the localization functor and F : C V 
an arbitrary functor. We recall that a right derived functor of F is a pair (RF, a), 
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where RF : W _1 C 



T> is a functor and a : F 

C. 



RF oF a natural transformation, 




RF 



satisfying the following universal property. For every functor G : W C —5- V, and 
every natural transformation 7 : F — > G o F, there is a unique natural transforma- 
tion <5 : RF — > G such that 7 = (<5 * F) a. 

F 



RF oF 



<5*P 



GoF 



This condition means exactly that the functor RF (together with the natural trans- 
formation a) is a left Kan extension of F along the localization functor F. The pair 
(RF, a) is an absolute right derived functor of F if for every functor H : T> — *■ £ , 
the pair (F o RF, H * a) is a right derived functor of F o F. An absolute right 
derived functor of F is in particular a right derived functor of F (take H = lp). 

Example. If C is a Quillen model category and F : C — *- T> a functor that carries 
weak equivalences between fibrant objects in C into isomorphisms in X>, then there 
exists an absolute right derived functor (RF, a) of F. In order to prove this, we 
observe that Quillen's existence theorem for derived functors [HI Ch. I, 4.2, Prop. 1] 
implies that F has a right derived functor (RF, a) constructed as follows. For every 
object X in C, choose a fibrant resolution ix '■ X — s- X'; then RF(X) = F(X') and 
a x = F(ix) : F(X) F(X') = RF(X). As for every functor H : V £, the 
functor H o F carries weak equivalences between fibrant objects in C into isomor- 
phisms in £ , the same construction gives a right derived functor of H o F equal to 
(F o RF, H * a), which proves the statement. 

Let (C, W) and (C, W) be two localizers, F : C W^C and F' : C W' - ^' 
the localization functors, and F : C — >• C an arbitrary functor. A toiaZ ri^/it de- 
rived functor (resp. absolute total right derived functor) of F is a pair (RF, a), 
where RF : W~ X C W'~ X C is a functor and a. : P'oF^- RF oF a natural 
transformation , which is a right derived functor (resp. an absolute right derived 
functor) of P' o F. 

F 



■C 



w~ x c- 



RF 



P' 



Example. If C and C are two Quillen model categories and F : C —5- C a functor 
that carries weak equivalences between fibrant objects in C into weak equivalences 
in C , then there exists an absolute total right derived functor of F. To prove 
this, we observe that if P' is the localization functor from C to its localization by 
the weak equivalences, then the functor P' o F carries weak equivalences between 
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fibrant objects in C into isomorphisms, and the statement is a particular case of 
the previous example. 

The notions of left derived functor, of absolute left derived functor, of total left 
derived functor, and of absolute total left derived functor are defined in a dual way. 



Theorem. Let (C,W) and (C ,W) be two localizers, 
P:C^ W- X C and P' : C - 
the localization functors, 

F:C^C , 
a pair of adjoint functors, and 

s : F oG — >■ lc> , 



G : C 



V ■ l c 



GoF 



the unit and counit of the adjunction. We suppose that the functor F (resp. G) has 
an absolute total left (resp. right) derived functor (LF, a) (resp. (RG, /?)). 



LF 



Then the pair of functors 
LF : W~ X C - 



p' 

■ 



p' 

w- x c 



#8 



RG 



RG : W'- X C 



w c 



is a pair of adjoint functors, and we can choose the unit and counit of the adjunction 

£■ LF o RG — l w ,-i C , , rj-.lw-ic ^ RGoLF 
in such a way that the two following squares commute. 

LF * 8 



LFoPoG- 

a*G 

P' o F o G ■ 



P'*E 



^ LFoRGoP' 

e*P' 



RGoP'oF- 

B*F 



RG * a 



RGoLFoP 

rj * P 



PoGoF- 



P*r) 



Proof. As (RG, (3) (resp. (LF, a)) is an absolute total right (resp. left) derived 
functor of G (resp. of F), i.e. an absolute right (resp. left) derived functor of 
P o G (resp. of P' o F), the pair (LFo RG, LF * (3) (resp. (RG o LF , RG * a)) is 
a right (resp. left) derived functor of LFoP o G (resp. of RGoP' o F). The uni- 
versal property of right (resp. left) derived functors says that for every functor 
H' : W'- l C W'- Y C' (resp. H : W~ X C W~ X C) and every natural' transfor- 
mation i : LF oP o G ->- H' o P' (resp. 7 : H o P RG 0P 1 o F), there exists a 
unique natural transformation 



5' : LF o RG 



H' 



such that 



7' = (5'*P')(LF*0) 



( resp. S:H^ RGoLF ) 
( resp. 7 = (RG*a)(6*P) ) 
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This universal property applied to the functor H' — lw'- 1 C (resp. H = Iw^c) 
and the natural transformation 

7' = (P'*e)(a*G) : LFoP o G P' o F o G -^*- P' = l W '-^c°P' 

(resp. 7= (0*F)(P*ri) : l w -i c oP= p -^U- p o G o F RG o P' o F ), 




W'~ 1 C 




w~ x c 



RGoLF 

implies the existence of a unique natural transformation 

e:\-Fo RG — >■ \ W i-\ C > (resp. 3 : l w -i c — >■ RG o LP ) 

such that 

(P'*e)(a * G) = (e *P')(LF*/?) (resp. (0 * F)(P* 77) = (RG*a)( 2 *P) ). 
It remains to prove that 

(RG*£)(r? *RG) = 1r G and (e * LF)(LF* 2 ) = 1 LF . 

V*RG RG * e 

RG — - " ; RG o LP o RG — — ^ RG 



LF*r] e *LF 

IF — = — ^ LPoRGoLP^^ ^ LP 



The uniqueness part of the universal property of derived functors, implies that it 
is enough to prove that 



((RG*e)(rj * RG)) *P' 



((e *LF)(LF*3)) *P 



(3 = /3 and a 
Let us prove the first of these two equalities: 
((RG*e)(r2 *RG))*P'l/? = (RG*e *P')fe *RGoP')/? = 
= (RG*e *P')(RGoLF*0)(ri*PoG) = \RG*((e *P')(LF*/3))1 (7?* P o G) 
= RG*((P / *e)(a * G))l(g*PoG) = (RGoP'* £ )(RG*a * G)(j/*PoG) 

= (RGoP'*e)r((RG*o)(g*P))*Gl = (RGoP * e ) T((/3 * F)(P* r?))*G 
= (RGoP'*e)(/3 *FoG)(P* 77* G) = /3(PoG*e)(P* r?* G) 



(P*((G* £ )(t7*G)) 



/3 . 
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The second equality is proved dually. 



□ 



Corollary. (Quillen's adjunction theorem for derived functors.) Let C and 

C be two Quillen model categories and 



a pair of adjoint functors. We suppose that F (resp. G) carries weak equivalences 
between cofibrant objects in C (resp. between fibrant objects in C') into weak equiv- 
alences in C (resp. in C). Then F (resp. G) has a total left (resp. right) derived 
functor (L, a) (resp. (RG, /?)), and the functor LF is a left adjoint of the functor RG. 

Proof. The example preceding the theorem and its dual imply that these derived 
functors exist and are absolute derived functors. Therefore the corollary is a par- 
ticular case of our theorem. □ 

Remarks. In his book [8], Quillen proves his adjunction theorem under the addi- 
tional hypothesis that F preserves conbrations and G preserves fibrations [loc. cit. 
Ch. 1, 4.5 Th. 3], but our proof shows that these hypotheses are not necessary. 
In the more recent books of Hovey [6] and of Hirschhorn [5j, the Quillen's ad- 
junction theorem is proved with even stronger hypotheses by requiring (F, G) to 
be a Quillen adjunction between closed model categories, with functorial factor- 
izations. The variants of the adjunction theorem in a more general setting then 
Quillen model categories, obtained by Dwyer, Hirschhorn, Kan and Smith [3], or 
by Radulescu-Banu [9], in his paper on Anderson- Brown- Cisinski model categories, 
alias categories derivables [2], are also implied by "the adjunction theorem for ab- 
solute derived functors" , proved here. This theorem will be used, in a forthcoming 
paper with Bruno Kahn [7], to prove a generalization of the adjunction theorem of 
Radulescu-Banu, implying all known adjunction theorems for derived functors. 



[1] M. Artin, A. Grothendieck, and J.-L. Verdier. Theorie des topos et cohomologie Stale des 

schemas (SGA4). Lecture Notes in Mathematics, Vol. 269. Springer- Verlag, 1972. 
[2] D.-C. Cisinski. Categories derivables. Preprint, 2002. 

[3] W. G. Dwyer, P. S. Hirschhorn, D. M. Kan, and J. H. Smith. Homotopy Limit Functors on 
Model Categories and Homotopical Categories. Mathematical Surveys and Monographs, Vol. 
113. American Mathematical Society, 2004. 

[4] P. Gabriel and M. Zisman. Calculus of fractions and homotopy theory. Ergebnisse der Math- 
ematik, Band 35. Springer- Verlag, 1967. 

[5] P. S. Hirschhorn. Model Categories and Their Localizations. Mathematical Surveys and Mono- 
graphs, Vol. 99. American Mathematical Society, 2002. 

[6] M. Hovey. Model Categories. Mathematical Surveys and Monographs, Vol. 63. American Math- 
ematical Society, 1999. 

[7] B. Kahn and G. Maltsiniotis. In preparation. 

[8] D. Quillen. Homotopical Algebra. Lecture Notes in Mathematics, Vol. 43. Springer- Verlag, 



[9] A. Radulescu-Banu. Conbrations in homotopy theory. Preprint, 2006. 

Institut de Mathematiques de Jussieu, Universite Paris 7 Denis Diderot, 
Case Postale 7012, 2, place Jussieu, F-75251 PARIS cedex 05, FRANCE 
E-mail address: maltsin9math.jussieu.fr 
URL: http: //www .math, jussieu. f r/ ~maltsin/ 



F : C — ?- C 



G:C —^C 
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